
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 22, No. 3, May–June 1999

Two-Body Optimization for De� ecting Earth-Crossing Asteroids

Sang-Young Park¤ and I. Michael Ross†

Naval Postgraduate School, Monterey, California 93943

We present a formulation of a � nite-dimensional optimization problem associated with the de� ection of Earth-
crossing asteroids. The performance measure is minimizing the delta-V requirement for achieving a minimum
target separation distance. A number of astrodynamical constraints are identi� ed and modeled. The constrained
optimization problem is numerically solved using a sequential quadratic programming method. Our numerical
analysis indicates that the minimum delta-V requirement is not a monotonically decreasing function of warning
time; rather, there is a � ner structure associated with the orbital period of the colliding asteroid. The analysis tool
presented here may be used for optimizing the interceptor mission for impact mitigation.

I. Introduction

T HE crash of the comet Shoemaker-Levy 9 into Jupiter in July
1994 was a remarkable event. Watching the results1;2 from the

impact, we felt a chilling warning of the possibility of a similar
eventhappeningto theEarth.3 There are at least 1000Earth-crossing
asteroids capable of global environmental catastrophe upon Earth-
impact, and � ve new ones are discovered every year.4 Crude his-
torical data suggest that we can expect an impact greater than the
equivalentof 10 Mtons of TNT about once per century on average.3

About 50,000 years ago the Barringer crater (1.5 km in diameter) in
Arizona was formed by an explosion estimated to be equivalent to
about20 Mtons of TNT.5 A recent large atmosphericexplosionwas
the great Tunguskabolide (»20 Mtons of TNT) of 1908, which was
caused by about a 60-m-diam comet or asteroid and exploded with
the force of 1000 Hiroshima bombs. (One Hiroshima bomb has an
explosive yield equivalent to about 20 ktons of TNT.)6

As a result of the possibilityof an asteroidor comet impacting the
Earth, several workshops have been held to study the fundamentals
of the impact and the impact mitigationproblem. The concentration
of the workshops has been related primarily on the detection prob-
lem, assessing the magnitude of the threat, and impact effects and
hazards to Earth, as well as the political implicationsof developing
an impact mitigation capability. Two spacecraft exploration mis-
sions, Near Earth Asteroid Rendezvous (NEAR)7 and Clementine,8

have included interceptsof asteroidsas a major part of their mission
to study the nature of asteroids. Despite an increase in interest on
the impact mitigation problem,9¡12 little astrodynamical analysis
has been performed; in particular, the mathematical optimization
problem has received scant attention.13;14 A number of dynamics
and control problems in hazard mitigation are de� ned in Ref. 14.
Here, we further one of these problems in formulating and solving
the astrodynamical optimization problem.

The dynamics of the problem is based on a two-dimensional,
two-body approximation.The analysis centers on how optimal im-
pulses applied to an Earth-crossingasteroid (ECA) at variouspoints
on its orbit affect the outcome when there is a presumptionof colli-
sion otherwise.The performancemeasure is minimizing the delta-V
required for achieving a minimum target separation distance. The
constrained optimization problem is numerically solved using the
sequential quadratic programming (SQP) method that is available
in the MATLABTM optimization toolbox.15 Our numerical analysis
indicates that the minimum delta-V requirement is not a monoton-
ically decreasing function of warning time; rather, there is a � ner
structure associatedwith the orbital period of the colliding asteroid.
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We also arrive at some surprising results in the orientation of the
optimal direction of the delta-V vector.

II. Problem Formulation
Given an ECA and an established Earth-collision, the problem

is to minimize the delta-V required to de� ect the asteroid in such
a manner as to miss the Earth by a minimum target miss distance
Rcritical (see Fig. 1). The performance index is de� ned by the mag-
nitude of the impulse imparted to the asteroid:

J D 1v2
k C 1v2

? (1)

where 1vk and 1v? are the tangential and normal velocity incre-
ments, respectively (see Fig. 1). Obviously, 1vk and 1v? give the
magnitude and direction of the impulse. This problem is subject to
the two-body equations that are part of the totality of constraints for
the optimization problem. The terminal boundary condition at the
� nal time t f is

R ¡ Rcritical D 0 (2)

where R is the distance between the Earth and asteroid. Strictly
speaking, Eq. (2) should be as R ¡ Rcritical ¸ 0. As will be apparent
later, this inequality creates an unnecessaryextra degree of freedom
that causes convergence problems in the numerical optimization
scheme; hence, we prefer the equality to the inequality constraint.

Additional constraints to the optimization problem are obtained
by noting that after an impulse R is continuous and differentiable.
The minimum R (i.e., R D Rcritical ) satis� es the additionalnecessary
conditions14:

PR D 0 (3)

RR ¸ 0 (4)

Equations (2–4) form the totality of constraints for the optimization
problem.For these equations to be useful, they must be expressed in
terms of the optimizationvariablessuch as 1vk and 1v? . This func-
tional expressionis obtained implicitly from the two-body integrals
of motion and the method of Lagrangian coef� cients as discussed
in the following.

Assuming the ECA orbits the Sun in the ecliptic plane, we have,
from the geometry of the problem (see Fig. 1),

R D r 2
© C r 2

a ¡ 2r©ra cos.ºa ¡ º©/ (5)

where r© is the distance from the Sun to the Earth, ra is the distance
from the Sun to the asteroid, ºa is the true anomaly of the asteroid,
and º© is the true anomaly of the Earth. With D ´ R2, Eqs. (3) and
(4) may be written as

PR D PD=2R D 0 (6)

RR D ¡. PD2=4R3/ C . RD=2R/ ¸ 0 (7)
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Fig. 1 Geometry of an Earth-crossing asteroid.

where

PD D 2r© Pr© C 2ra Pra ¡ 2Pr©ra cos.ºa ¡ º©/

¡ 2r© Pra cos.ºa ¡ º©/ C 2r©ra sin.ºa ¡ º©/. Pºa ¡ Pº©/ (8)

RD D 2 Pr 2
© C r© Rr© C Pr 2

a C ra Rra ¡ cos.ºa ¡ º©/

£ .r© Rra C 2Pr© Pra C Rr©ra/ C 2 sin.ºa ¡ º©/.Pºa ¡ Pº©/

£ .Prar© C ra Pr©/ C r©ra cos.ºa ¡ º©/. Pºa ¡ Pº©/2

C r©ra sin.ºa ¡ º©/. Rºa ¡ Rº©/ (9)

The time rates of change of the various quantities in the preceding
equations can be obtained from the two-body equations:

Pr D ¹e sin º

¹a.1 ¡ e2/
(10)

Pº D
¹a.1 ¡ e2/

r 2
(11)

Rr D r Pº2 ¡ .¹=r 2/ (12)

Rº D ¡.2=r/Pr Pº (13)

where e and a are the eccentricity and semimajor axis of the aster-
oid, and ¹ is the Sun’s gravitational constant. From the method of
Lagrangiancoef� cients,16 the position and velocity vectors r.t/ and
v.t/ can be described in terms of initial conditions r0.t0/ and v0.t0/.
Immediately after the application of the impulse, the orbit of the
asteroid is perturbed by a delta-V; hence, using t0 D timpulse , we can
write

r0.timpulse/ D ri (14)

v0.timpulse/ D vi C 1v (15)

where ri and vi are the original position and velocity of the asteroid
just before the impulse. From r0.timpulse/ and v0.timpulse/; r.t/ and
v.t/ at time t may be calculated from

r.t/ D Fr0 C Gv0 (16)

v.t/ D Ft r0 C G t v0 (17)

where the Lagrangian coef� cients are given by

F D 1 ¡ .a=r0/.1 ¡ cos µ/ (18)

G D .t ¡ t0/ C a
p

a=
p

¹ .sin µ ¡ µ / (19)

Ft D ¡
p

¹a=rr0 sin µ (20)

G t D 1 ¡ .a=r /.1 ¡ cos µ/ (21)

where

µ ´ E ¡ E0 (22)

r D a.1 ¡ e cos E/ (23)

In the preceding equations the perturbed orbital elements of the
asteroid are calculated from r0 and v0 . The eccentric anomaly E at
t is obtained by solving Kepler’s time equation.

De� ning the optimization vector x as the set of free parameters
x D [1vk; 1v?; t f ], the nonlinearprogrammingproblem(NLP) can
be formulated as follows. Determine x that minimizes the objective
function J .x/ given by Eq. (1), while satisfying the set of equality
and inequality constraints given by Eqs. (2–4). Note that the pa-
rameter t f is a free optimization variable that describes the time at
which the constraints given by Eqs. (2–4) are satis� ed.

III. Preliminary Analysis
Before solving the optimizationproblem numerically, it is useful

to derive some results that will aid us in the analysis to follow.
Suppose a small arbitrary impulse is applied to an asteroid at an
arbitrary point on its orbit. The orbital elements are perturbed by17

1a D
2

n
p

1 ¡ e2
[e sin º1vs C .1 C e cos º/1vt ] (24)

1e D
p

1 ¡ e2

na
sin º1vs C

e C cos º

1 C e cosº
C cos º 1vt (25)

1! D
p

1 ¡ e2

nae
¡cos º1vs C 1 C 1

1 C cos º
sin º1vt

(26)

where 1vs and 1vt are the velocity increments along and at right
angles to the radius vector (see Fig. 2) and 1a; 1e, and 1! are the
changes in the semimajor axis, the eccentricityand the longitudeof
perihelion,respectively,and n is the mean motion. From elementary
geometry we have (see Fig. 2)

1vt D sin Á1vk ¡ cosÁ1v? (27)

1vs D ¡cos Á1vk ¡ sin Á1v? (28)

where Á is the angle subtendedby the radius and velocityvectors at
the asteroid. The angle Á satis� es the following identities17:

sin Á D 1 C e cos º

.1 C e2 C 2e cos º/
1
2

or (29)

cos Á D ¡
e sin º

.1 C e2 C 2e cos º/
1
2

Substituting Eqs. (27) and (28) into Eqs. (24–26) yields

1a D 2

n
p

1 ¡ e2
f[¡e sin º cos Á C .1 C e cos º/ sin Á]1vk

¡ [e sin º sin Á C .1 C e cos º/ cos Á]1v?g (30)

1e D
p

1 ¡ e2

na

.e C 2 cos º C e cos2 º/ sinÁ

1 C e cosº
¡ sinº cos Á

£ 1vk ¡ .e C 2 cos º C e cos2 º/ cos Á

1 C e cos º
C sin º sin Á 1v?

(31)

1! D
p

1 ¡ e2

nae
cos º cos Á C 2 C cosº

1 C cosº
sin º sin Á 1vk

C cos º sin Á ¡ 2 C cos º

1 C cos º
sin º cos Á 1º? (32)

It is straightforward to show that the term associated with 1v? in
Eq. (30) simpli� es to

e sin º sin Á C .1 C e cos º/ cosÁD .1 C e2 C 2e cos º/
1
2

2v2

dH

dt
D 0

(33)
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Fig. 2 Description of some astrodynamical quantities.

where H is the angular momentum of the asteroid. Thus, we have

1aD 2

n
p

1 ¡ e2
f[¡e sin º cos Á C .1 C e cos º/ sin Á]1vkg (34)

Because the change in the semimajor axis due to 1v? is zero, the
orbital period is unchanged by 1v? . Hence, if an impulse perpen-
dicular to the velocity vector is applied to the asteroid, it returns to
the point of application of 1v at exactly the same time as the un-
perturbed asteroid after multiple periods. Hence, at exact multiple
periodsof the asteroidbefore an impact, the optimal impulse should
be parallel to the velocity vector. Thus, for example, if the impact
occurs at point A (see Fig. 2), then the optimal delta-V vector is
parallel to the velocity vector at point A at exact multiples of the
asteroid’s period. This result will be used as one of the key tests in
validating the numerical analysis.

IV. Numerical Analysis
Procedure

The NLP formulatedin Sec. II was solved by using the MATLAB
optimizationtoolbox.For well-documentedreasonstheheliocentric
canonical units were used. In this system the distance units (DU),
time units (TU), and speed units (SU) are 1 DU D 1 AU D 1.49596
E8 km, 1 TU D 1=2¼ year D 58.17 days, 1 SU D 29.80 km/s.

In the discussionsto follow,we will use the term Impulse Time to
speci� cally mean either (timpact ¡ timpulse ) or its absolute value—the
exact usage will be obvious from the context. Here timpact denotes
the time at collision. Although the impact time is quite close to
t f , it is not the same because t f is the time when R D Rcritical (see
Sec. II). Also, because timpact and timpulse are not independent quan-
tities, we choose timpact D 0. This initializationhas the advantage of
interpreting timpulse as the time interval prior to impact if no action
(i.e., delta-V maneuver) is undertaken. Also, it is apparent that we
must have a warning time (i.e., the time interval between detection
and collision) greater than the impulse time. Because the impulse
time providesa lower limit for the warning time, we will sometimes
use impulse times and warning times interchangeably.

To compare our results to prior work,9;10;12 we initially used
Rcritical D 1 Earth radius (4.263E-5 DU). For this value of Rcritical , the
minimum1V is so small that the time slopeof R near Rcritical is quite
sharp so that it created some convergence problems with the code.
A larger Rcritical created a shallowerslope for R.t/ and hencea faster
convergence.By changing Rcritical to 10 Earth radii, the convergence
problemwas completelyeliminated,and the convergencewas faster
than that for Rcritical less than 10 Earth radius. The delta-V require-
ment varies linearlywith Rcritical so long as the applied1V is small,9

and our numerical results show the same phenomena. Hence, al-
thoughthecodewas used for Rcritical D 10 Earth Radii, the resultsare
displayedfor Rcritical D 1 Earth radius by dividing the delta-V by 10.

A second issue to note in the numerical solution of the optimiza-
tion problemis the sensitivityof the optimizationalgorithmto initial
guesses. Regardless of the value of Rcritical , if the initial guess is not
a good one, the code does not converge. To generate good guesses
for a � rst use of the code, the following procedure was adopted.
The impulse vector [1vk; 1v?] is guessed to be zero for an im-
pulse time of 1TU (i.e., timpact ¡ timpulse D ¡1TU). The unconverged

Fig. 3 Minimum D v for impact scenarios A and B (Abscissa is in
fractions of the orbital period.).

delta-V from the code is used as an input for an independent new
code that propagates R.t/ as described in Sec. II. The minimum
miss distance can be obtained easily by plotting R.t/ in the vicin-
ity of t D 0. The impulse vector not being the optimal solution, the
minimum of R.t/ is not equal to Rcritical . If the minimum R is less
(more) than Rcritical , then an increased (decreased) magnitude of the
impulse vector is used as a guess for the optimizationalgorithmand
the processrepeateduntil the delta-Vconverges.As a double-check,
the converged impulse vector is used to propagate R.t/ to ensure
that the minimum R is indeed equal to Rcritical (typically, min R and
Rcritical are within0.01%of each other). The 1TUoptimalparameters
serve as excellent guesses for incremental impulse times, and the
optimization algorithm now essentially works in a turnkey fashion.

Results
Consider a � ctitious ECA whose orbital elements are given by

a D 1:5 AU, and e D 0:5. Figure 3 shows the magnitude of the min-
imum impulse as a function of the impulse time for a requirement
of Rcritical equal to 1 Earth radius. The impulse time is normalized to
the period of the unperturbedasteroid for ease of interpretation.For
this example one period of the asteroid is 1.85 years. The minimum
impulse requirements for impact scenarios A and B (see Fig. 2)
are expectedly different, but similar. The differences are due to the
different geometric positions of the impulse point with respect to
the Sun. It is clear from the � gure that for impulse times less than
about one orbital period the minimum required impulse increases
quite dramatically and secularly for decreasing impulse times. For
warning times greater than one period of the asteroid, the required
minimum delta-V has a cyclic component imposed upon a secular
variation.As expected,the secularvariationvaries inverselywith the
impulse time and may be considered as a crude � rst-order approx-
imation to the minimum required delta-V. The period of the cyclic
component is equal to the period of the asteroid. As discussed in
Sec. III, this is to be expectedbecause the perturbation in the orbital
elements is periodicwith respect to the true anomaly.The localmin-
ima in Fig. 3 represent the perihelion of the asteroid, but the local
maxima do not represent the aphelion.

The components of the impulse vector for scenario A are shown
in Fig. 4. Notice that for impulse times beyond about 0.75 (of the
orbital period) the contribution to the total delta-V from the per-
pendicular component is so small that it is barely distinguishable
in the graph.To better explain the optimal impulse vector,we de� ne
the impulse angle as the angle from the original velocity vector to
the impulse vector through the sun-ward direction (see Fig. 2). The
optimal impulse angle is displayed in Fig. 5. It is apparent from this
� gure that for very short warning times the impulse angle converges
to an angle perpendicular to the initial velocity. Intuitively, this is
reasonableif a rectilinearmotion is assumedfor shortwarningtimes.
Further, notice that at exact integral periods of the impulse time, the
optimal impulse is antiparallel to the velocity vector. This is in to-
tal agreement with the analytical results of Sec. III. The somewhat
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Fig. 4 Components of the minimum D v.

Fig. 5 Optimal impulse angle for impact scenarios A and B.

Fig. 6 Optimal versus parallel impulse at perihelion.

surprising result here is that the optimal impulse angle is neither
0± nor 180± at both the perihelion and aphelion impulse points
(cf. Figs. 3 and 5). This contradicts the assumptions in Refs. 8–

10. A better demonstration of this phenomenon is obtained when
a D 1:1 and e D 0:3. For this example, the optimal impulse angle
at the � rst perihelion point was determined to be 177.6739± . The
correspondingminimum delta-V is equal to 4.04175cm/s. The cor-
rectness of this result (i.e., nonparallel optimal angle) is demon-
strated in Fig. 6. This � gure displays R.t/ in the neighborhood of

Fig. 7 Optimal versus parallel impulse at aphelion.

Fig. 8 Two optimal solutions: case 1 and case 2.

the closest approach for two cases: one for the orbit perturbed op-
timally according to the numerical result (i.e., 1v D 4:04175 cm/s
and impulse angleD 177:6739± ) and another for an impulse angle
of 180± and 1v D 4:04175 cm/s. The parallel impulse yields a miss-
distanceclearly less than Rcritical (by about0.08% or equivalentlyby
5 km) and hence not optimal,whereas the optimal impulseproduces
a minimum miss distance of exactly 1 Earth Radius. Although the
differences are apparently small, they may be used effectively for
optimizing future interceptormissions.A correspondingplot for the
aphelion impulse point for this example generated similar results,
but the differences were smaller for this particular example. A bet-
ter demonstration of this phenomenon is obtained for a D 2:0 and
e D 0:8. The numerically optimal impulse for this example for the
� rst aphelion point is a 1v of 2.64254 cm/s and an impulse an-
gle of 161.8875± . Figure 7 shows results similar to Fig. 6: the miss
distance is 1 Earth radius for the optimal values while a parallel
impulse produces a signi� cantly lower miss distance (by about 5%
or equivalently by about 316 km). The differences are much larger
here (than the previous example) because of the increased differ-
ence between the optimal impulse angle and 180±. Included in this
� gure is a plot of the unperturbedorbit that demonstrates imminent
collision. To varying orders of magnitude, this same phenomenon
was observed for different orbital elements of the asteroid.

For any given impulse time the problem has two solutions for the
optimal impulse angle separated by 180± . These two solutions are
depicted in Fig. 2 as cases 1 and 2, which yield the miss distance
equal to 1 Earth radius.An exampleof this is providedin Fig. 8 for an
arbitraryimpulsetime (D ¡1.5 period) for an asteroidwith a D 1:75
and e D 0:9. Also shown in this � gure is the solution to cases 3 and
4, which do not provide the miss distance equal to 1 Earth radius
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Fig. 9 Minimum D v for varying semimajor axes.

Fig. 10 Minimum D v for varying eccentricities.

Fig. 11 Optimal impulse angles for varying semimajor axes.

with the same delta-V as that of cases 1 and 2. These cases (see
Fig. 2) are at exact opposite angles from the optimal solution and
the orbit tangent.

Finally, Figs. 9 and 10 demonstrate that the same trends are ap-
parent for asteroids with different orbital elements. In Fig. 9 the
eccentricity is � xed at e D 0:8, and the semimajor axis is varied
from 1.25 AU to 2.0 AU in steps of 0.25 AU. The abscissa repre-
sents the impulse time normalizedto the periodof the corresponding

Fig. 12 Optimal impulse angles for varying eccentricities.

semimajor axis. The minimum delta-V decreases with increasing
semimajor axis because the orbit with a larger semimajor axis has
a longer orbital period (in real time), and hence a longer warning
time. In Fig. 10 the semimajor axis is � xed at a D 1:1, and the ec-
centricity is varied from 0.3 to 0.9 in steps of 0.2. It is apparent from
this � gure that the amplitude of the cyclic componentof the delta-V
� uctuates with an increasing amplitude for increasing eccentricity.
The optimal impulse angles for varying semimajor axes and eccen-
tricities are shown in Figs. 11 and 12. The phenomena discussed in
the preceding paragraphs are apparent in these � gures as well.

V. Conclusions
The problem of optimizing the impulse required for de� ecting

ECAs can be cast in terms of a standard NLP problem. The opti-
mal delta-V and impulse angles can be obtained numerically as a
function of the impulse time. Even the two-body problem is quite
involved, and the results exhibit some nonintuitive phenomena.
The miss distance achieved by an impulse is strongly dependent
on the location of the impulse on the orbit as well as the directionof
the impulse with respect to the orbital velocity.Numerical solutions
to this NLP problem for a class of ECAs demonstrate that there are
at least two time scales of importance: a � rst-order time constant
associatedwith the impulse time and a periodic second-ordereffect
associatedwith the periodof the asteroid.Thus, the optimal time for
the application of the delta-V is the earliest possible perihelion for
warning times greater than one orbital period. This optimal delta-V
is not quite parallel to the velocity vector, and this deviation from
the parallel could be used for achieving a better performance from
a future interceptor mission.
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